A new method to solve the collision problems of slender bars with massive external surfaces is developed. The proposed solution accounts for the effect of impact induced vibrations and multiple collisions on the post collision velocities of the impacting members. The approach is based on representing the vibrational energy of the bars during the collision process in terms of a non-dimensional parameter, termed the elastic energy percentile. The elastic energy percentile is expressed as a simple scalar function of the drop angle and a nondimensional parameter, which encapsulates the bar geometry, material, and the stiffness of the contact surface. The elastic energy percentile is then used to develop a new momentum based solution method. The method relies on a revised energetic coefficient of restitution that resolves the effect of impact induced vibrations on the post collision velocities of the impacting bars. The assumptions used in the theoretical development and the outcomes predicted by the proposed * This article has appeared in the December 1998 issue of ASME Journal of Applied Mechanics, Vol. 65, No.4, 1 method were verified by conducting a set of experiments using several bars with varying geometric and material properties.
Introduction
The coefficient of restitution remains to be the most controversial, and arguably, the most important constant that is used in the solution of collision problems. Following its inception by Newton (1686) , and after undergoing several revisions regarding its definition, widely accepted solutions of impact problems remain to be incomplete without a proper definition of the restitution coefficient. Investigators in the field have proposed alternative methods of solution that do not necessitate the use of this constant. Methods such as the ones based on Hertz contact theory (Maw et al, 1976 and , or discrete, lumped spring-dashpot based models (Stoianovici and Hurmuzlu, 1996) are few that fall in this classification. The appeal of the restitution coefficient, however, lies in the remarkably simple way of resolving the interaction between the colliding bodies. This simplicity also enables the use of momentum based methods in the solution, which are significantly less complex than other methods of approach.
The concept of the coefficient of restitution has evolved progressively since its introduction by Newton as velocity ratio. Routh (1897) used Poisson's Hypothesis and introduced an impulse based coefficient followed by Stronge (1990) who introduced the energetic coefficient of restitution. Hurmuzlu and Marghitu (1995) and Marghitu and Hurmuzlu (1996) conducted thorough comparisons of the outcomes using the three definitions and concluded that, pending further experimental evidence, the energetic coefficient yields the most consistent results. Stoianovici and Hurmuzlu (1996) conducted a set of experiments with slender bars falling on a massive surface. This problem was selected because it was benchmark example that was widely used in the related literature. The bars were dropped from various heights, and the pre-impact conditions were selected such that the three definitions of the coefficient of restitution yield identical results (i.e. no tangential velocity reversals at the contact point). The study confirmed several key aspects of rigid body theory that is widely used in solving collision problems. For example, it was shown that Coulomb's law of friction remained generally valid during the collision process. In addition, for the velocity range that was considered in the experiments, the coefficient of restitution did not depend on the incidence velocity. Yet, the most surprising result was the unusual variation (as high as 80% of the 0-1 interval) in the coefficient of restitution as the inclination of the bars were varied from vertical to horizontal. They attributed this variation to the vibrational energy that was trapped in the bar as a result of the impact event. The authors also developed a discrete model to explain and model this behavior. They demonstrated that the outcomes predicted by the model matched the experimental results. Their study cast further questions on the practical utility of using a constant coefficient of restitution that depended on local contact properties only. The authors concluded that, in its present form, the coefficient of restitution, had a very limited applicability even when the underlying conditions of the theory were met (relatively rigid colliding bodies and low impact speeds).
The goal of the present study is to generalize the concept of coefficient of restitution such that it can be applied to a wider range of impact problems. Our goal is to amend the definition of the coefficient of restitution such that it incorporates the effect of internal vibrations in planar collisions of slender members. We seek to obtain a simple algebraic form that can be used with the standard momentum based methods. We impose the requirement that the new coefficient is consistent with the classical one when the effect of vibrations diminish.
In the ensuing article we will focus on the free collisions of bars with massive external surfaces. We will propose a new method to accurately predict the post impact velocities of these bars. Finally, we will verify the practical utility of the method by comparing the computed outcomes with the experimental results.
Experiments
The experimental set-up consists of an electro-magnetically actuated dropping device, a computerized high-speed video system (for kinematic data acquisition,) and slender steel bar specimens with reflective markers. Here, we only describe the general features of the experimental study and its outcome as pertains to the present article, the reader is referred to Stoianovici and Hurmuzlu (1996) for further detail.
The objective of the experiments was to collide the slender bars with an external massive surface while controlling the pre-collision normal impact velocity and orientation of the bar. This was achieved by constructing a dropping device with an electromagnetic release circuit. The device was designed to drop the bars from various heights with given inclination angles. In addition, the pre-collision motion of the bar was kept planar to realize two dimensional collisions. During each experiment, the motion of three reflective markers, attached to the bars as shown in Fig. (1) , were captured by using a high-speed camera system (1000 frames/sec). Then, the kinematic data was transferred to a Personal Computer to compute the pre-and post-collision velocities. . The experiments were conducted with six bar lengths, ranging from 63.5 mm to 600 mm, and two diameters (see Fig. (1) ). During the first set of experiments each bar was dropped from four different heights and inclination angles (θ) that varied from 5-90 degrees with 5 degree increments. During the second set each bar was dropped from two heights with angular orientations identical to the first experiment set. The main difference between the two sets was that the first was conducted with 1/2" (12.7 mm) and the second was conducted with 1/4" (6.4 mm) diameter bars. As noted in Stoianovici and Hurmuzlu (1996) , the most striking observation from the results of the first set of experiments was that the kinematic coefficient of restitution varied significantly as a result of varying the incidence angle of the bar. In addition, within the incidence velocity range used for the experiments (1 -4 m/s), the variation of the coefficient with velocity was negligible. This can be observed from Fig. (2) , which depicts the kinematic coefficient of restitution obtained from experiments conducted with bar #3 for four incidence velocities.
Preliminaries

Discretized analytical model
Having observed the unusual variation in the coefficient of restitution an analytical model was developed to study the physical phenomena that causes this behavior (Stoianovici and Hurmuzlu, 1996) . The model was based on the discretization of the bar into n rigid segments interconnected by a pair of viscoelastic links. Each link consists of two spring/damper combinations with stiffness k and damping coefficients b respectively, placed symmetrically at a distance of a/2 from the neutral axis. These parameters were calculated as:
where, I z is the cross-sectional moment of inertia, E = 2.1 × 10 11 N/m 2 (for steel) is the Young's modulus, and A (m 2 ) is the cross-sectional area of the bar. The vertical ground contact was modeled as:
where, y andẏ are the vertical displacement and velocity of the contacting end of the discretized bar respectively, K is the surface stiffness, B is the ground damping coefficient. The horizontal ground contact was modeled using Coulomb's dry friction model with experimentally estimated static and dynamic friction coefficients of µ s = .1 and µ k = .075 respectively. Numerical values of K and B were estimated experimentally as 11 × 10 7 N/m and B = 2.0 × 10 7 N s/m 2 respectively. The parameter b was set equal to 100 N s/m, whereas k and a were computed using n = 9 and the particular length and diameter of the bar that was being considered.
In order to correlate the analytical and experimental outcomes, an analogous rigid bar was defined as having the same dimensions and material properties of the elastic bar (see Fig. (1) ). Kinematics of center of mass of the elastic and the rigid bars were set equal to one another. The angular acceleration of the rigid bar was computed from,
where,ẍ andÿ are the central accelerations of the rigid and elastic bars,J is the centroidal moment of inertia. The differential equations of motion of the elastic bar were numerically integrated to compute the motion of the mass center. This solution was substituted into Eq. (4) to obtain the angular acceleration of the rigid bar. Then, the motion of the rigid bar was computed by integrating Eq. (4) and the corresponding linear accelerations of the center of mass. This process was needed because the experimental data reflects the general rigid body motion of the bar. The camera resolution was not sufficient to capture the vibrational motion of the bar. As shown in Stoianovici and Hurmuzlu (1996) , the outcome of the analytical model almost perfectly matched the results of the first set of experiments that were described earlier in the article. Next we will use this numerical procedure in order to further analyze the dynamics of the collision of the slender bars considered in this study.
Internal energy storage
In this paper we classify the energy content of the bar through use of the following four definitions of non-dimensional energy categories:
1. The percentile kinetic energy of the rigid-bar, E r :
where,ẋ andẏ are the linear velocities of the center of mass (see Fig. (1)), m andJ are the mass and the centroidal moment of inertia of the bar respectively and E 0 r is the total energy at the onset of the collision.
2. The percentile elastic energy stored internally by the bar, E i :
where, K j is the kinetic energy of the j th segment and P j is the potential energy stored in the springs between the j th and (j + 1) th segments.
3. The percentile potential energy of the surface spring, E s :
4. The energy dissipated by the surface friction and damping, E f :
This term was evaluated as the difference between the total energy of the bar at the onset of the collision (100 %) and the remaining three energy percentiles (E r + E i + E s ). 
An expanded definition of micro collision
Previously, it has been shown that (Stoianovici and Hurmuzlu, 1996) an impact that appears as a single collision to the naked eye may actually consist of a succession of multiple micro collisions. o ), however, the tip of the bar remains in contact with the surface throughout the same time period. In both cases, the vertical velocity of the tip of the bar reverses direction during this time interval. Based on this on this observation, which is a frequent occurrence during elastic collisions, we define the following conditions for initiation of a micro collision:
Similarly, a micro collision terminates when,
Note that, the conditions are not ambiguous although their second parts are identical. Because, when y < 0 termination of a micro-collision marks the start of the next one. We will use these conditions in the remainder part of the present paper to determine the number of micro collisions during a given impact period. 
Critical, sub-and super-critical collisions
The exchange between the components of the energy play a key role in the excessive variation of the kinematic coefficient of restitution. . We define the collision that leads to the maximum internal energy storage as the critical collision ( Fig. (4.b) ). Whereas, collisions that occur for higher and lower drop angles are termed as super-and sub-critical collisions respectively (see Figs. (4.c) and (4.d)). We observe that for a super-critical collision (Fig. (4.a) ), the bar comes into contact with the surface only once (the unshaded region). For sub-critical collisions, however, multiple contacts are observed (Figs. (4.c) and (4.d)). o (the critical angle). In addition, the transition from one to two micro-collisions takes place at this angle. We also observe that the energy percentile diminishes for the centroidal collision at θ = 90 o . We should note that the behavior depicted for bar #3 is consistently observed in the energy percentiles of all bars that were considered in the present investigation. Based on these observations, we impose the following two conditions on the elastic energy percentile:
a. There is a transition from one to two micro-collisions at the critical point, where the elastic energy percentile has a global maximum.
b. The internal elastic energy storage diminishes at the θ = π/2
These conditions will guide the subsequent development in the article.
Approximation of Elastic Energy Percentile for Super-critical collisions
In this section we focus on the primary collisions: the first micro-collision of the impact event. The main objective here is to approximate E i for supercritical collisions, the interval of drop angles where only a single collision was observed. 
Elastic energy of a static bar under compression
The differential equation for the deflection u of a bar subject to a non-axial compressive force P at both ends (see Fig (6.a) ) can be written as (see Timoshenko and Gere, 1960) :
where,
Assuming fixed ends, we can solve for the deflection u as,
Now, the elastic energy that is stored in the bar due to the force can be found as,
For relatively rigid beams (κL is small) the right hand side of Eq. (14) can be approximated as,
Assuming that this relationship is also valid for an impulsive force P , we may approximate the elastic energy percentile for a vertically dropped bar as,
where, v 0 is the initial drop velocity and ρ is the density of the bar. Now we proceed by deriving an approximate relationship for the compressive force that acts on the bar during the collision period. For this purpose we consider the dynamics of a rigid bar in contact with spring with stiffness k g at one end (see Fig. (6.b) ). Neglecting friction one can write the expression for the magnitude of ground force P s as follows,
Combining Eqs. (16) and (17) 
Obviously, we cannot expect this form to faithfully represent the elastic energy percentiles of the bars considered in the present work. We can, however, formulate a canonical expression based on Eq. (18) and test its validity by using the discretized model initially and the experimental data eventually.
Definition of the canonical form
The main characteristic of the expression in Eq. (18) is that it depends on cos θ and a non-dimensional quantity η ≡ k g L 3 /(EI z ). We define the following canonical form to approximate E 1 i (the superscript denotes micro collision number):
where, r is the angular ratio defined as,
This equation castsẼ 1 i in terms of two non-dimensional parameters r and * . The constants * and θ c are assumed to depend on contact properties (k g ), modulus of elasticity (E), and bar geometry (L and I z ). The form of Eq. (19) is tailored such that the following conditions are met:
The primary difference between the expressions given by Eqs. (18) and (19) are the denominator terms. Equation (18) satisfies condition (b) of section 3.4, yet it fails to satisfy condition (a). We meet this condition by adding the forth order term to the denominator and grouping in terms of the two non-dimensional parameters such that the critical energy percentile at θ = θ c is a maximum point. Now, if our approximation is a valid one,Ẽ i values for bar # 3 computed from the discretized model and Eq (6) . As shown on the figure, the constants θ c and * can be estimated as 64 o and 0.521 respectively from the critical impact point. The resulting canonical form produces an excellent approximation for all drop angles in the range 0 ≤ θ ≤ π/2. The validity of the canonical form was further established when we observed that the accuracy of the approximation for the particular geometry of bar #3 was equally preserved for other bar geometries as well. 
The Hr number
The objective of this subsection is to use the discretized numerical model to represent the two parameters θ c and * as a function of the non-dimensional parameter η. One may compare Eqs. (18) and (19) to derive the following inferential relationship:
Based on this relationship we propose the following non-dimensional parameter, which we call the Hr number in this article:
We now, plot (see Fig. (8) ) the critical parameters cos θ c and * versus the Hr number for the bars considered in this study by varying L and d and letting E = 2.1 × 10 11 and k g = 11 × 10 7 . One can observe from the figure that the parameters linearly depend on Hr, and using a linear fit can be approximated as:
cos θ c = 0.25 + 2.61Hr
and
Stoianovici and Hurmuzlu (1996) defined a slenderness ratio as γ = L/d 1.3815 . They showed that the critical angle and magnitude computed for the same values of γ were the same. This ratio was computed empirically from the results of their numerical simulation. In the present paper one can observe that the Hr number includes the slenderness ratio for bars with circular cross sections (Hr ∼ d 1.3333 /L). Based on this observation, now we investigate whether the critical parameters remain the same for identical values of the Hr number, which includes material and contact properties as well geometric factors. For this purpose we compute the critical parameters for a bar with a fixed Hr = 0.0673 (bar # 3), and vary L and d, L and E, and L and k g respectively. The resulting parameters are shown in Fig. (9) . As we can observe from the figure, the critical angle remains unchanged for all variations. The critical magnitude, however, remains unchanged for the first two variations but varies significantly for the third. Thus, we may conclude that for a given drop surface (fixed k g ), the critical parameters are function of the Hr number only. In addition, two bars dropped on the same surface will have the same critical parameters if and only if they have the same Hr So far, we have shown that the elastic percentiles at the critical angles are invariant with respect to the Hr number when k g is fixed. This characteristic should be preserved for all super-critical collisions based on the specific form of Eq. (19). For sub-critical collisions, where we have multiple collisions, we cannot expect the invariance principle to be automatically satisfied. If it is valid, however, then this would provide a guideline to develop expressions for the approximation of elastic energy percentile for sub-critical collisions. generally invariant to the parameter variations of the bars for all drop angles when the Hr number is fixed. One may note that there is an observable variation for drop angles in the range 40 o < θ < 50 o . We neglect this minor variation since our objective here is to obtain a simple representation of the elastic energy that arises from a complex sequence of collisions. In addition, the results were obtained through the discrete model, which itself was an approximation. Figure (10.b) depicts the terminal percentiles computed for the previous six bar lengths and Hr = 0.0673 with d = 0.0127 and k g = 11 × 10 7 . In this case the bar diameter was fixed and the Young Modulus E was adjusted to achieve constant Hr. Again, we observe that the elastic energy percentiles can be considered as invariant for a constant Hr number when the bar parameters are varied. 
Approximation of the Elastic Energy Percentile for Sub-critical collisions
The sub-critical collisions are significantly more complex and may involve a succession of multiple collisions. To study this problem, we follow an empirical approach. Figure (11 ) depicts three plots of energy percentiles for gradually increasing Hr values. We identify two significant regions of subcritical collisions where the elastic energy exhibits two distinct behaviors. In the first region, which starts from the critical point (shaded areas in the figures) we observe a sudden drop in elastic energy accompanied by the appearance of a second micro collision. Subsequently, a succession of more collisions take place in a second region that extends from the appearance of a third micro collision to a horizontal drop angle. We approximate the energy percentile in the first sub-critical region as:
This relationship is based on our original canonical form and satisfies the following matching condition at the critical point:
In addition, the expression is tailored to preserve the invariance principle that was defined in the previous section. The resulting approximated energy percentiles are depicted in Fig (11) as the dark gray curves on the respective plots.
As the drop angle is decreased, we move on to the second region, where a multitude of micro-collisions appear. We observe that the terminal energy percentileẼ 3 i (the elastic energy percentile at the end of all micro-collisions) follows a similar pattern to the one observed for the primary percentiles. Based on this observation we define the following canonical form forẼ 3 i in the second region of sub-critical collisions:
where,r is the angular ratio defined as,
The parametersθ c and¯ * are analogous to the previously defined parameters θ c and * respectively. Again, the form of the expression given in Eq. (25) is based on the one given in Eq. (19). Furthermore, it satisfies the following conditions:Ẽ Next, we follow an approach similar to the one followed for super-critical collisions. We identify the critical parametersθ c and¯ * from numerical results obtained form the discretized model. Then, we tune the parameter α such that the profile given by Eq. (25) produces a good fit for all drop angles in the second region of the sub-critical impacts of bar # 3. Accordingly, we obtain α = 3 as the value of the parameter. The approximate energy percentiles for four bar geometries are depicted as the gray curves in Fig. (11) .
Finally, as we have done for the super-critical collisions, we plot the parametersθ c and¯ * against Hr (see Fig. (8) ). One can observe from the figure that the parameters linearly depend on Hr in a certain interval and saturate for Hr < 0. 
The coefficient of vibrational energy loss
In this section we combine the results of the previous two sections to obtain a single non-dimensional coefficient e G (θ, Hr), which represents the vibrational energy that remains in the bar at the end of the collision process. Using Eqs. (19), (20), (21), (22), (23), (25), (26), (27), and (28) we may write: 
Revising the coefficient of restitution
An apparent conclusion of the preceding analysis is that the energy loss during collision has two main components. The first component is the energy loss due to local deformations, which is the one captured by the classical definition. The second component is due to the vibrational energy that remains in the bar after the impact. A distinguishing characteristic between these two forms of energy loss is the vibrational energy can be partially recovered by the bar as a result of subsequent collisions while the local loss is permanent.
Based on this line of thinking, we propose the following form for a new energy based coefficient of restitution for collision of bars:
where, e L is the loss factor that represents the local losses at the collision point. The term e G accounts for the global loss that is due to the vibrational energy. We will treat e L as the energetic coefficient of restitution as defined in Strong, 1990 . The overall energy ratio is in turn computed as the "sum" of e L and the factor e G to account for local as well as global energy losses due to impact. As it will become clear in the proceeding subsections, the two coefficients are not simply added, but their effects on energy is superposed.
Equations of motion
The centroidal velocities of the rigid bar during a single point impact with a massive external surface while slipping can be written as:
with,
and the contact force ratio F r given as:
where, the horizontal and vertical velocities of the contact point are given by,ẋ
respectively. Here, τ 1 and τ 2 , and τ are the normal impulses at the contact point such that τ 2 > τ > τ 1 . When the bar does not slip we have,
subject to the condition,
The horizontal and vertical velocities of the contact point are given by,
respectively. Equations (31) to (37) and (38) to (43) can be used sequentially (see Marghitu and Hurmuzlu, 1996) , depending on the slip conditions, to solve for the three variablesẋ(τ ),ẏ(τ ), andθ(τ ) for the impact interval 0 ≤ τ ≤ τ f . The normal impulse τ f , that marks the end of the collision process will be computed in the next subsection by considering the two types of energy losses mentioned earlier.
Solution of the impact problem
The energy loss due to local deformation can be calculated by considering the work done by the vertical component of the contact force as follows:
since F y dt = dτ . We postulate that this loss can be computed by following a procedure that is identical to the classical approach. Specifically, we use the energetic coefficient of restitution that was proposed in Strong, 1990 . Accordingly, we first compute the impulse at maximum compression τ * (the vertical impulse for whichẏ t = 0). Then, the energy loss can be computed as,
The energy loss due to vibrational energy, on the other hand, can be expressed as:
Writing the energy balance for the collision process, yields,
where, W f is the work done by the ground friction force. Equation (47) can be used to compute the final impulse τ f . Finally, having computed τ f , one can compute the post collision centroidal velocitiesẋ(τ f ),ẏ(τ f ), andθ(τ f ).
In addition, one may observe that Eq. (47) leads to the classical solution when the effect of impact induced vibrations vanish (i.e. e G = 0). We should note the local loss term in Eq. (47) may seem ambiguous in the sense that the integration is not carried out through the impulse range 0 ≤ τ ≤ τ f . Instead, this term is computed as a specific fraction of the energy loss during the compression period. We postulate that the energy loss due to local deformations, as captured by the e L , is caused by the compression and restitution of the bar due to its general rigid body motion. Thus, the specific local energy loss formulation for the rigid body motion remains valid, on the average, despite the presence of impact induced micro-vibrations.
To summarize the method proposed in the present article we enumerate the following steps:
1. Given the bar geometry, material, and contact surface properties (L, I z , E and k g ) and the drop angle θ, use Eq. (29) to compute e G .
2. Use Eqs.(31) to (43), the pre impact velocities, the coefficients of friction µ s and µ k , and the coefficients of restitution e L and e G to obtain Eq. (47) in terms of the impulse at the end of the collision process, τ f .
3. Use τ f to compute the post impact velocities 
Experimental verification
Now, we use the procedure described in the previous section to compute the post-collision velocities of the bars that were considered in the experimental study. First we estimated the local coefficient of restitution from the vertical drop of bar #3 as e L = 0.86. The resulting kinematic coefficients of restitution for the six bars that were tested are plotted in Fig. (12) . As can be observed the procedure duplicates the experimental outcome in an accurate fashion. The approximation somehow suffers for very slender bars, especially in the sub-critical region. This can also be partly attributed to the experimental error in acquiring the data for very short and very slender bars. We may note that for bars #7 and #8 the impact induced vibrations were visible to the naked eye. Finally, we conducted two sets of additional experiments to verify the invariance principle that we have developed in the article. For this purpose we used a steel bar with a diameter 6.35 mm and a length of 240 mm such that it had the same Hr number as bar #6. We also used an Aluminum bar (E = 7.1 × 10 10 ) with a diameter of 12.7 mm and a length of 430 mm, which produces the same Hr number as bar #6. Results of the experiments are depicted in Fig. (13) . It can be seen that the experimental data qualitatively and quantitatively demonstrate the equivalence of the three bars and the validity of the solutions obtained by using the methods proposed in this article.
Conclusions
In a recent article, Stoianovici and Hurmuzlu (1996) has shown that impact induced vibrations in free drop experiments of slender bars lead to significant variations in rebound velocities. They have shown that these variations were mainly due to vibrational energy trapped in the bars after the collision process. They concluded that the classical definition of the coefficient of restitution had limited applicability in solving impact problems of slender bars. The objective of this paper is to generalize the concept of coefficient of restitution such that it can be used in the solution of a wider range of impact problems. In this work we develop a new method to solve planar collision problems of slender bars with external massive surfaces. The main results presented here can be summarized as follows:
1. The energy loss due to impact induced vibrations is represented as a simple scalar variable called the elastic energy percentile. This variable depends on the inclination angle and a non-dimensional parameter (the Hr number), which represents the bar geometry, material, and it includes stiffness of the external impact surface.
2. The elastic energy percentiles of two bars with the same Hr number, dropping surface, and inclination angle are equal.
3. Using the elastic energy percentile, the classical definition of the coefficient of restitution is modified to include the energy loss due to the vibrational energy trapped in the bar.
4. The new coefficient of restitution is used in the traditional momentum based methods to predict the rebound velocities of slender bars with external surfaces. The new solution method is consistent with the classical approach and it becomes equivalent to it as the effect of impact induced vibrations diminish.
5. Predictions of the proposed concepts and methods are shown to be in agreement with experimentally observed outcomes.
In closing we would like to emphasize that the present study addresses free drop experiments conducted at relatively low impact speeds. In addtion we only consider relatively rigid bars with constant cross-sectional area and rounded ends. We believe that that the proposed theory can be extended to collision problems of constrained mechanisms such as kinematic chains, a natural next phase of the present investigation. Different geometries can also be considered in the future. The most challenging next step, however, seems to be the extension of the analysis to three dimensions.
